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Abstract

The Extended Kalman Filter is a bayesian state estimation used for nonlinear
models or systems. This filter may however fail to produce accurate results de-
pending on the degree of nonlinearity of the system. The Unscented Kalman Filter
on the other hand can be applied to highly nonlinear systems or models. Compar-
isons between the two filters are made using two systems. The first system is a four
degrees of freedom shear building,with time-varying, system parameters and the
second is a nonlinear hysteric dampingsystem with*unknown system parameters.
The results indicated that the latter provides consistent as well as more accu-
rate state and parameter estimates than/the extended kalman filter for nonlinear

systems.
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Chapter 1

Introduction

State and parameter estimation has been a subject of research for over four
decades. Omne of the ways of simultaneously estimating the state and parame-
ters of dynamical systems is Data Assimilation (DA), where observations from
measurements_are combined with the dynamic principles (model) governing the
system under discussion. It also adds value to the observations by filling in the
observational gaps and to the model by constraining. it with observations.

There are two main categories of data assimilation; the Sequential Data As-
similation where observations are incorporated into the model at each time they
are available and a best estimate is produced and used to predict future states
and the Variational Data Assimilation which seeks an optimal fit of the model
solution to observations ever‘a period by adjusting the estimation states in this
period simultaneously and also the estimated states are somehow influenced by all
the observations distributed in time."The Kalman filter (KF') which is a sequential
data assimilation method is believed to be an optimal technique for estimating
linear dynamical systems. This filter is basically a set of mathematical equations
used to estimate the state of a dynamical system and at the same time minimizing

the mean of the squared error.



Most real-life problems are in fact nonlinear and so the Kalman filter is unable
to predict or estimate the state of these nonlinear systems or models accurately.
An improvement of the Kalman filter known as the Extended Kalman filter (EKF)
is the most popular method used to estimate the state as well as parameters of
nonlinear systems. The Extended Kalman Filter can sometimes be very difficult
to implement because of the calculation of Jacobians used for the linearizaiton and
also the filter sometimes diverge if the dynamical model is highly nonlinear. The
Unscented Kalman filer (UKF) and its variationsds an alternative method to the

EKF for the estimation of nonlinear dynamical/systems.

1.1 Background

Knowledge of the dynamic loads is erucial to design purposes as far as civil engi-
neering is concerned. Very often these dynamie loads are not well known or cannot
be measured directly. In-these cases, inverse identification techniques may be used
for identifying the unknownsexcitation forces from the measured responses.

State as well as parameter estimations have been applied in civil engineering
for a few decades. For instance, it can be used in structural health monitoring to
detect changes of dynamieal properties of structural systems during earthquakes
and, more generally, it can be used for system identification to better understand
the nonlinear behavior-of struetures subject to seismic loading (earthquake). The
ability to estimate system states in real time may help to.accomplish an efficient
control strategy as considered in-structural control.-Again in performance-based
earthquake engineering, state estimation can provide some crucial information to
assess the seismic performance of an instrumented structure in terms of repair
costs, casualties and repair duration shortly after the cessation of strong motion

(e.g. after an earthquake). Various studies have been carried out because of the



wide applicability of state and parameter estimation in civil engineering.

1.2 Problem Statement

The Unscented Kalman Filter is an alternative to the Extended Kalman Filter
for estimating nonlinear system states and parameters which involves the use of
sigma points and the nonlinear function to obtain the required statistics (mean
and covariance).

The performance and accuracw.of this'filter i8 investigated using two structural
systems. The first is a planar four degrees of freedom shear building with time
varying system parameters and the segond isia single degree-of-freedom (SDOF)

Bouc-Wen hysteretic damping system.

1.3 Objectives

The objectives of this study are to

e Test the feasibility of the Unscented Kalman filter in simultaneously esti-

mating state and parameters.

e Compare-the-performance of the Unscented and Extended-Kalman filters on

two structural systems.

1.4 Methodology

This research involves the state and parameter estimation of two structural dy-
namical systems (a linear system and a nonlinear system) using the Unscented
Kalman filter. The first system is a planar four-story shear building with time

varying system parameters and the second system is a single degree-of-freedom



(SDOF) damping system. The models used for this two systems are initially differ-
ential equations and as a result numerical methods for solving ordinary differential
equations are also used in this research.

The simulations for this research were performed using MATLAB (version
7.8.0.347, R2009a). It is also appropriate to mention that, the two structural
systems considered in this thesis were obtained from Ching et al. (2006) and the
matlab codes used with some modifications were obtained from Jianye Ching. In-
formation as well as references neededifor this research were obtained from the the

KNUST library and the internet.

1.5 Justification of Problem

Most researchers in the Civil and Structural Engineering fields have studied the
state and parameter estimation using the the popular Extended Kalman filter
due to the faet that mest of these estimation.problems are nonlinear. On the
other hand, a lot of work has been carried out in other scientific areas using the
Unscented Kalman filter and its variations. Much work has not not be done in
civil engineering using the Unscented Kalman filter (most people used the well-
known Extended Kalman filter). This research focuses.on the application of the

Unscented Kalman filter in civil engineering which has not seen.much work there.

1.6 Structure of the Thesis

This thesis is written in five chapters. The first chapter introduces the thesis. That
is, the general overview of state and parameter estimation and its application in
structural engineering. It also talks about the problem statement, objectives of

the thesis, methods used and then the justification of the problem. Chapter two



deals with the review of the literature related to the thesis followed by the third
chapter which focuses on the methods used in the thesis as well as a numerical
example. Chapter four talks about the results and discussion and the final chapter

deals with the conclusion and recommendations drawn from the thesis.
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Chapter 2

Literature Review

2.1 Introduction

The main challenges to society, for example, climate change, impact of extreme
weather, environmental degradation and ozone loss, require information for an
intelligent response; including making choices on future action. Regardless of its
source, we wish to be able to use this information to make predietions for the future,
test hypotheses, and attribute cause and effect. In this way, we are able to take
action according to information provided on the future behaviour of the system of
interest, and in particular future events (prediction); test our understanding of the
system, and adjust this understanding aceording to new information (hypothesis
testing); and understand the cause of events; and obtain information on possible
ways of changing, mitigating or-adjusting to the eourse of events (attribute cause
and effect)(Lahoz et al., 2010).

However, we still need two ingredients: a means of gathering information, and
methods to build on this information gathered. Roughly speaking, observations
(measurements) provide the first ingredient, and models (conceptual, numerical or

otherwise) provide the second ingredient. Lahoz et al. (2010) went on to ask a very



important question. “What combination of the model and observation information
is said to be optimal?”. Mathematics provides an answer to this question as well
as an estimate of the errors of the “optimum” or “best” estimate. This method is
known as data assimilation. The data assimilation adds value to the observa-
tions by filling in the observational gaps and to the model by constraining it with
observations. Accurate inferences are then made from the observations. Bouttier
and Courtier (1999) also described data assimilation as an analysis technique in
which observed information is aceumulated into the model state by taking advan-

tage of consistency constraints with laws'ef time evolution and physical properties.

2.2 Data Assimilation

There are two main categories of data assimilation, namely Sequential data as-
similation which considers observation made in the past until the time of analysis,
which is the case of real-time assimilation systems and Variational data assimila-
tion where observation from the future can be used, for instance in a reanalysis
exercise (Bouttier and Courtier, 1999).

This research only deals with the sequential data assimilation. The most well
known Sequential data assimilation or bayesian state estimation algorithm is the
Kalman filter (KF) named after Rudolph E. Kalman who published is famous
paper in 1960 deseribing a reeursive solution to the discrete-data linear filtering
problem (Kalman, 1960; Kalman and Bucy, 1961).

Welch and Bishop (2006) deseribes:Kalman filter as a set of mathematical
equations that provides an efficient computational (recursive) means to estimate
the state of a process, in a way that minimizes the mean of the squared error. The
filter is very powerful in several aspects: it supports estimations of past, present,

and even future states, and it can do so even when the precise nature of the



modeled system is unknown.

The Kalman filter however has limitations, one of such is the fact that it is
unable to predict or estimate the state vector of nonlinear model. That is, the
Kalman filter breaks down when applied to nonlinear systems. Most of real world
problems are nonlinear systems and so the Kalman filter is unable to predict the
state or parameters or even both for such systems (Julier et al., 1995; Julier and
Uhlmann, 1996, 1997; van der Merwe et al., 2000; van der Merwe and Wan, 2003;
Ching et al., 2006).

Fortunately, there are improved forms of.the Kalman filter used for nonlinear
state equations. The famous of such algorithms is the Extended Kalman Filter
(Jazwinski, 1970) which extends the kalman filtering through a procedure of lin-
earization by making use of the taylor series expansion of the the nonlinear model.
Once a linear model is obtained the kalman filter equations are then applied to
obtain the estimate. This filter has become a standard technique used in state and
parameter estimation.

Again the Extended-Kalman.Filter has a couple of limitatiens. One of such is
the fact that it is not always possible to ealculate the Jacobian and also it does
not produce accurate results if the nonlinear function is not well approximated
by a linear model or funetion. That is, this model works well when the nonlinear
model is close to.a linear model.

Julier et al. (1995) pointed out that although the EKF is conceptually simple

it has, in practice, three well-known drawbacks:

1. Linearization can produce highly unstable filter performance if the time step

intervals are not sufficiently small.

2. The derivation of the Jacobian matrices are nontrivial in most applications

and often lead to significant implementation difficulties and finally,



3. Sufficiently small time step intervals usually imply high computational over-
head as the number of calculations demanded for the generation of the Ja-

cobian and the predictions of state estimate and covariance are large.

Although the EKF (in its many forms) is a widely used filtering strategy, over
thirty years of experience with it has led to a general consensus within the tracking
and control community that it is difficult to implement, difficult to tune, and
only reliable for systems which are almost linear on the time scale of the update
intervals and many of these difficulties arise front itsuse of linearization (Julier and
Uhlmann, 1997; Julier et al., 2000; Julier and Uhlmann, 2004). A central and vital
operation performed in the Kalman Filteris the propagation of a Gaussian random
variable (GRV) through the system dynamics. In the EKF, the state distribution
is approximated by a GRV, which is then propagated analytically through the
first-order linearization of the nonlinear system. This can introduce large errors
in the true posterior mean and covariance of the transformed GRV, which may
lead to sub-optimal perfermance and sometimes divergenee of the filter (Wan and
van der Merwe, 2000).

Another improved form of the Kalman filter used for the estimation of nonlinear
systems is the Unscented Kalman Filter. This method was first introduced by
Julier et al. (1995); Julier and Uhlmann (1996, 1997) and further improved by
Wan et al. (2000); Wan and van. der-Merwe (2000) which'is-obtained from the
basic idea of the Unscented-Transform.

This method is used for calculating. the-statisties (mean and covariance) of
a random variable which undergoes a“monlinear transformation. It is based on
the fact that, it is easier to approximate a Gaussian distribution than it is to
approximate a nonlinear function. The idea of this transform is to obtain a set
of points known as Sigma points so that the sample mean and sample covariance

are T and P, respectively. The nonlinear function is applied to these set of points



to produce a set of transformed sigma points whose statistics are § and P, (Julier

and Uhlmann, 1997).

2.3 State Estimation in Civil Engineering

For civil engineering structures, knowledge of the dynamical loads is crucial to
design purposes. Very often these dynamical loads are not well known or cannot
be measured directly. In these asés,invefsd identification techniques may be used
for identifying the unknown exeitation ferces from the measured responses.

State as well as parameter estimations have been applied to civil engineering
for some time now. For instance, it can be used in structural health monitoring to
detect changes of dynamical properties of structural systems during earthquakes
and, more generally, it can be used for system identification to better understand
the nonlinear behavior of structures subject to seismic loading (earthquake). The
ability to estimate system. states-in real time may help to accomplish an efficient
control strategy is considered in structural control. Again in performance-based
earthquake engineering, state estimation can provide some crucial information to
assess the seismic performance of an instrumented structure in terms of repair
costs, casualties and repait.duration shortly after the.eessation of strong mo-
tion(e.g. after an earthquake). Various studies have been carried out because
of the wide applicability of state and parameter estimation in civil engineering.

Distefano and Rath (1975) reported the sequential'identification methods of
control and optimization theory-and therway in which the parameters can be
identified other than the natural circular frequency of a bilinear system. Since their
approach is generally a sequential processing, the same problem can be accessed
by the use of Kalman filter.

Carmichael (1979) incorporated the model parameter estimation by the ex-

10



tended Kalman filter within the state estimation problem by suitably augmenting
the state vector of dynamic behavior of the model. However, his problem is based
on a single degree-of-freedom system, and the adaptability of the reference state
vector is not markedly stable due to the finite difference approximation.

Yun and Shinozuka (1980) used an extended Kalman filter to study nonlinear
fluid-structure interaction and to identify the hydrodynamic coefficient matrices
associated with nonlinear drag and linear inertia forces appearing in the equations
of motion of offshore structures subjected to wave forces. They reported a multiple
degree-of-freedom linear modellofvan offshore _tower in which the response of each
mass was observed.

Loh and Tsaur (1988) also applied the extended Kalman to a system identi-
fication problem of seismic structural systems which presented an identification
method for an equivalent linear systein, a bilinear hysteric restoring system and
a bilinear hysteretic restoring system with stiffness degradation effect. For the
accuracy of their proposal..the justification of the method was investigated on
numerically simulated data on response of a known system as well as a known
degrading system. It was then applied to identify the hysteresis behaviour of
two buildings which were subjected to earthquake loads. They showed that good
estimates of the test-respomse time history and reliable values of the structural
parameters can be obtained.

In order to obtain the stable and convergent solutions (i.e. for stable estima-
tion), Hoshiya and Saito.(1984) proposed a weighted global iteration procedure
with an objective function which was incorporated-into the extended Kalman fil-
ter algorithm. For the effectiveness of the proposal, the identification problems
were investigated for multiple degree-of-freedom linear systems, bilinear hysteretic
systems, and equivalent linearization of bilinear hysteretic systems. The simu-

lated results showed that the weighted global iteration procedure may be useful to

11



identification problems for structural system identification.

It is generally recognized that damage will result in degradation of system
characteristics, such as stiffness or damping. Iemura and Jennings (1973) and
Udwadia and Jerath (1980) have observed that a degradation of the stiffness from
50% to 70% can occur, based on data obtained from the Millikan Library Building,
located on the campus of the California Institute of Technology, during the 1971
San Fernando earthquake. It was found that the ratio of the time-dependent
natural frequency to the original value was a smooth time-varying function, which
dropped to about half its value during the strong motion part of the excitation.
Several authors (Chen et al., 1977; Foutch.and Housner, 1977; Meyer and Roufaiel,
1984; Mihai et al., 1980; Vasilescu and Diagonu, 1980) have also indicated that
stiffness degrades in both full-scale structures and small-scale models as a result
of seismic damage.

Ogawa and Abe (1980) and Carydis and Mouzakis (1986) attempted to corre-
late stiffness degradation-te.the severity of damage.-Based on all these observa-
tions, structures under strong environmental loads are thus expected to undergo
nonlinear and time-dependent degrading behavior: Hence, time-varying behavior
of system parameters can occur, and on-line identification becomes a real issue
under these conditions to permit real-time corrective agtion, repair, and control to
minimize the possibility of further damage.

Lin et al. (1990) developed a general, real time-domain technique to identify
the time-varying system parameters for better understanding of the degrading
behavior of structures subject-to-dynamicloads.  They tested their identification
methodology on two numerical examples to demonstrate the use and efficiency of
the method. The formulation of the identification procedure and the simulated
results from the two numerical examples indicated that the proposed technique

which identifies time-varying physical system parameters (e.g., stiffness, damping)
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rather than the modal parameters (e.g., modal stiffness, natural frequency), can
be effective in detecting the damage of the structure as to its occurrence and
location. Since current system state is updated at each identification time instant,
no identification error is accumulated and for that matter, the knowledge of the
initial system parameters is not so critical to the accuracy of their identification.
The numerical results in the second example also demonstrated that if the response
is sensitive to a particular system parameter, that parameter will be estimated with
higher accuracy.

Hoshiya and Sutoh (1993) investigated the.extended Kalman filter - weighted
local iteration procedure with an objective function (EK-WLI procedure) for sys-
tem identification in geotechnical engineering problems. They incorporated the
EK-WLI procedure with the finite element method in order to identify unknown
parameters. For the effectiveness of this procedure, parameter identification prob-
lems were numerically analyzed for an elastic plane strain field represented by the
finite element models under. several-conditions:, The results from numerical ex-
amples proved that.a weighted local iteration procedure of Kalman filter with an
objective function is found te be effective for stable estimation of state vector and
also showed the usefulness of this method in parameter identification.

Koh and See (1994) developed an improved version of the commonly used
extended Kalman filter (EKF) by incorporating an adaptive filter procedure. The
system noise covariance.is updated in time segiments in order to ensure statistical
consistency between the predieted error covariance.and the mean square of actual
residuals. Comprising two stages-in-a’cyele, the adaptive EKF method not only
identifies the parameter values but also gives a useful estimate of uncertainties.
They tested the method on two numerical examples of simulation with noise.
The first example illustrated the superior statistical performance of the proposed

method over the conventional EKF method. The second example demonstrated
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the numerical accuracy and efficiency of this method, with and without modeling
error, in comparison with the recursive least-squares approach.

Ghanem and Shinozuka (1995a) presented and reviewed several structural-
identification algorithms which included the extended kalman filter, maximum
likelihood technique, recursive least squares method and recursive instrumental
variable method. They applied these algorithms to experimental data obtained in
controlled laboratory conditions. The data pertained to the acceleration records
from two building models subjeetedto various léading|conditions. The perfor-
mance of the various identification algorithms.was_critically assessed, and guide-
lines were obtained regarding their suitability to various engineering applications
(Ghanem and Shinozuka, 1995b).

Glaser (1996) used the Kalman filter to identify the time-varying natural fre-
quency and damping of a liquefied soil to get insight into the liquefaction phe-
nomenon. They investigated the Wildlife Site in California, subject to two large
earthquakes (Elmore Ranch.and Superstition Hills) on November 24, 1987 as the
associated data were the only publicly available record of buried and surface mo-
tions.

Sato and Qi (1998) derived an adaptive HZ filter and applied it to time-varying
linear and nonlinear structural systems in which displacements and velocities of
the floors are measured.

Smyth et al.(1999) formulated an adaptive least-squares algorithm for identi-
fying multi-degree-of-freedomenonlinear hysteretie-systems for control and moni-
toring.

Ching et al. (2004) presented a real-time Bayesian state-estimation algorithm
that employs a stochastic simulation approach called the particle filter (PF) as well
as introduced and discussed some techniques that improve the convergence of the

particle filter simulations. They made comparisons between the particle filter and
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the extended Kalman filter using several numerical examples of nonlinear systems.
The results indicated that the particle filter provides consistent state and parame-
ter estimates for highly nonlinear systems, while the extended Kalman filter does
not. They also applied the particle filter to strong motion data recorded in the
1994 Northridge earthquake in a seven-story hotel (The Van Nuys hotel) whose
structural system consisted of non ductile reinforced-concrete moment frames, two
of which were severely damaged during the earthquake. The particle filter once
again provided consistent state and parameter estimates, in contrast to the ex-
tended Kalman filter, which provided incansistent estimates. They concluded that
for a state estimation procedure to be sucgessful, at least two factors are essential:
an appropriate estimation algorithm and a suitable identification model. Finally,
recorded motions from the 1994 Northridge earthquake were used to illustrate how
to do real-time performance evaluation by computing estimates of the repair costs
and probability of component damage for the hotel.

During the review of-literature; it was observed.that the Unscented Kalman
filter has not been applied much to civil or structural engineering. Most researchers
rather used the Extended Kalman filter. It is of this view that the Unscented
Kalman filter was applied to dynamical structural systems and the performance

of this filter was compared with that of the Extended IKalman filter.
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Chapter 3

Methodology

3.1 Introduction

This chapter discusses the methods used in this thesis. They are the Numerical
Methods for,Ordinary Differential Fquations-and Data Assimilation using Un-
scented Kalman Filter. The models.used to estimate the state as well as the pa-
rameter of the system under discussion are ordinary differential equations. These
equations are solved using numerical methods and then the unscented kalman filter

is used to estimate the state and parameters of the system.

3.2 Numerical Methods for Ordinary Differen-
tial Equations’'(ODE)

3.2.1 Introduction

A lot of mathematical models that arise in many branches of science, engineering,
economics, etc are differential equations. The equations unfortunately rarely have

solutions which can be expressed in closed form or have analytical solutions, so it
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is common to seek approximate solutions by means of numerical methods. Nowa-
days this can usually be achieved very inexpensively to high accuracy and with
a reliable bound on the error between the analytical solution and its numerical
approximation.

An Ordinary differential equation (ODE) is an equation that specifies a rela-
tionship between a function of a single independent variable and the total deriva-
tives of this function with respect to the independent variable or a differential
equation in which the unknown fingtion| (also knéwn as the dependent variable)
is a function of a single independent variable. The yariable y is actually used as a
generic dependent variable is this thesis. The independent variable is either time ¢
or space x in most problems in engineering and science. Usually, if more than one
independent variable exists, then partial derivatives occur, and partial differential
equations (PDE) are obtained which are not covered in this thesis.

The order of an ODE is the highest derivative of the dependent variable with
respect to the independent.variable-appearing in the equation. The general first-

order ODE is
dy

D= 1) (1)

where f(t,y) is called the derivative function. Also the general nth-order ODE for
y(t) has the form

g g,y e e gt g1y + agl] = F () (3:2)

A linear ODE is one in which all.of the derivatives-appear in linear form and
none of the coefficients depends on the-dependent variable or an ODE in which
there are no products of the unknown function y(¢) and its derivatives and neither
the function or its derivatives occur to any power other than the first power. For
example

Y + 2y = F(t) (3.3)
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is a linear, constant-coefficient first-order ODE but
Y + aty = F(t) (3.4)

is a linear, variable-coefficient first-order ODE. If the coefficients depend on the
dependent variable, or the derivatives have powers more than one, then the ODE

is nonlinear. For example, the following equations;

Y ot oy =0 (3.5)

(W) ag =0 (3.6)

are nonlinear first-order ODEs.

A homogeneous differential equation is differential equation (or DE) in which
each term involves only the dependent variable and one of its derivatives but a
nonhomogeneous differential equation contains additional terms known as source,
force or nonhemogeneous terms which do not invelve the dependent variable. For
example

Y +aty=0 (3.7)

is a linear, first-order homogeneous ODE and
Y + aty = F(t) (3.8)

is a linear, first-order nonhomogeneous ODE with the nonhemogeneous term being
F(t).

Unfortunately, many practical problems are not as simple as the equations
described above but rather involve several dependent variables, each of which is a
function of the same single independent variable and one or more of the dependent
variables, and each of which is governed by an ordinary differential equation. These
sets of ODE are called systems of differential equations. The general solution of a

differential equation is usually a family of solutions due to the fact that it contains
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one or more constants of integration. A particular member of that family which is
of interest is obtained by auxiliary conditions. The number of auxiliary conditions
must equal the number of constants of integration, which is the same as the order
of the differential equation.

There are two distinct classes of ordinary differential equations depending on
the type of auxiliary conditions specified. If all the auxiliary conditions are speci-
fied at the same value of the independent variable and the solution is to be marched
forward from that initial point; ghe differential equation is an initial-value ODE
but if the auxiliary conditions arewspecified at_two.different values of the indepen-
dent variable, usually the end points or boundaries of the domain of interest, the
differential equation is a boundary-value ODEL.

The differential equations used in the thesis are initial-value ODEs so the sub-

sequent subsections talks about some of the methods used in solving initial value

ODEs.

3.2.2 The Explicit - Euler Method

Consider the general nonlinear first-order ODE:

AR, y(to) = 1o (3.9)

Choosing point n.as the base point and developing a finite difference approximation
for eqn. (3.9), the first-order. forward-difference finite difference approximation of
y' is written as

’ Yot = Yn o
= S AMaE WP A, 1
Y'ln o 5 () (3.10)

Substituting eqn. (3.10) into eqn. (3.9), evaluating f(¢,y) at point n and finally
solving for 4,1 which also includes truncating the remainder term, which is O(At?)

(Hoffman, 2001) yields the explicit Euler finite difference equation (FDE):
Ynt1 = Yn + Atf, O(A#?) (3.11)
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where O(At?) is the order of the local truncation error.

A few points to note about this equation is as follows:
e The FDE is clearly explicit, since the function f,, does not depend on y,, 1.

e The FDE is a single point method since it requires only one know point as

well as one derivative function evaluation per step.

e The error in calculating y,,, for a single step, the local truncation error,
is O(At?) whiles the globdl (ie.}total) erromaccumulated after N steps is

O(AL).

The last point indicates that this FDE is of first order since the global error is of
order one. Finally, the algorithm based on the repetitive application of the explicit

Euler FDE to solve initial-value ODEs is called the explicit Euler method.

3.2.3 The Implicit Euler Method

Consider the general'nonlinear first-order ODE:

y = f(tvy) y(to) = Yo (3.12)

Choosing point n as the base point and developing a finite difference approximation
for eqn. (3.12), the first-order backward-difference finite difference approximation
of 3/ is given by

- Yn+1 — Un 1

o == 5y”(TnH)At (3.13)

Substituting eqn. (3.13) into eqn. (3.12), evaluating f(¢,y) at point n + 1 and
finally solving for y,, .1 which also includes trancating the remainder term, which

is O(At?) (Hoffman, 2001) yields the implicit Euler FDE:

Ynt1 = Yn + At frpa O(AtQ) (314)
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where O(At?) is the order of the local truncation error.

It can be observed that:

e Since f,.; depends on y,1, it implies that the FDE above is implicit. If
f(t,y) is linear in y, then f,,; is linear in y,,, and eqn. (3.14) is a linear
FDE which can be solved directly for y,1. If f(¢,) is nonlinear in y, then

eqn. (3.14) is a nonlinear FDE, and additional effort is required to solve for

Yn+1-

e Again the FDE is a single paint méthod sinceg it requires only one know point

as well as one derivative function evaluation per step.

e Only one derivative function evaluation is needed per step if f(t,y) is linear
in y but several evaluations of the derivative function may be required to
solve the nonlinear FDE if it is nonlinear and eqn. (3.14) is nonlinear for

that matter.

e Similar to the explicit euler FDE, its implicit form also has a single truncation

error of O(At?) and its global erroris O(At).

The algorithm based on the repetitive application of the implicit Euler FDE to

solve initial-value ODEs is called the implicit Fuler method.

3.2.4 Consistency, Order, Stability and Convergence

An FDE is consistent with'an'©DE if the difference between them (i.e., the trun-
cation error) vanishes as At — 0 or simply put, the FDE approaches the ODE.
The rate at which the global error decreases as the grid size approaches zero is
the order of the FDE. An FDE is stable if it produces a bounded solution for

a stable ODE and is unstable if it produces an unbounded solution for a stable
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ODE. A finite difference method is convergent if the numerical solution of the FDE
approaches the exact solution of the ODE as O(At) approaches zero.

3.2.5 Consistency and Order

Consistency analysis is done by changing all terms in the FDE to a Taylor series
having the same base point as the FDE which results in an infinite-order differential
equation known as the modified differential equation (MDE). Making At — 0
in the MDE results in a finite-order differential equation and if this equation is
identical to the exact differential equation whose soltition is desired, then the FDE
is consistent. The order of a FDE is the order of the lowest-order terms in the

MDE.

3.2.6 Consistency and Order Analysis for the Explicit Eu-
ler FDE

Using this first-order ODE

v+ ay =E() (3.15)
The MDE is obtained by first substituting eqn. (3.15) into eqn. (3.11). The taylor
series for y, .| is also substituted into the resulting equation. Finally cancelling

the y, terms, dividing by At and rearranging terms yields the modified differential
equation (MDE):

1 1
R A s LT (316

Let At — 0 in eqn. (3.16) it can easily be proved that the explicit euler FDE is
consistent. The order of the FDE is the order of the lowest-order term in eqn.(3.16).

This results in
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The conclusion is that the explicit euler FDE is of order O(h).

3.2.7 Stability Analysis

The exact solution of the FDE can be expressed as

Yn+1 = Gy (3.18)

where G is known as the amplification factor of the FDE and its generally a

complex number. The general gglutionifor the EDEwat 7! = NA{ is
yv = GVyo (3.19)
For y,, to remain bounded as N — 00
Gl <1 (3.20)

Therefore, stability analysis-reducesto first of all determining the amplification
factor G of the FDE-and then determining the conditions to ensure that |G| < 1.
Consider the ezplicit Buler method in eqn. (3.11) the-amplification factor G is
given by
G = (1 — aAt)

For stability, |G}. < 1 and so =1 £ (1l.—aAt) < 1. The left-hand inequality is
only satisfied if At'<S 2/a and that of the right-hand sidedf Af > 0. Therefore the
explicit Euler method-is conditionally stable.

Consider the implicit Euler-methodtiniégn. (3.14) the amplification factor G is

given by
1

GZl—ozAt

For stability, |G| < 1 is true for all values of aAt. Therefore the implicit Euler

method is unconditionally stable.

23



3.2.8 Second-Order Single-Point Methods

Again consider eqn. (3.9), expressing y,+1 and ¥, in Taylor series about the point

n + 1/2, subtracting the equation involving vy, from that of y,.; and solving for

Yln+1/2 gives

Yn+1 — Yn 1 " 2
n = — — At 3.21
Y| +1/2 AL 24?/ (7) ( )

where t,, < 7 <t,_;. Substituting eqn. (3.21) into eqn. (3.9) and solving for 4,
results in the implicit midpoint, FDE:

Ynt1 =y % Dt Q(ALY) (3.22)

However 1,41 is obtained by first predicting v,,11/2 using the first-order explicit
Euler method and f,1/, is evaluated using the value of 1,1/, obtained earlier.
Therefore two equations are needed which are called the modified midpoint FDEs
and given as:

AV}

- (3.23)

=" —— yn+Atfn+1/2 (324)

el Yn +

The single-step FDE corresponding to the midpoint needed for the amplifica-

tion factor (G is given as

aAt)?
Yn4+1 = | —ogay <5 ( 9 ) Yn
and so amplification factor is
G=120At: (O‘gty

|G < 1if only aAt <2
The algorithm based on the repetitive application of the modified midpoint
FDEs is called the modified midpoint method. The modified midpoint method has

the following features
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This method is an explicit predictor-corrector set of FDEs which requires

two derivative function evaluations per step.

This method is consistent, O(A¢?) locally and O(At#?) globally.

This method is conditionally state (i.e., At < 2)

Finally, this method is convergent since its consistent and conditionally sta-

ble.

3.2.9 Runge-Kutta Methods

Runge-Kutta methods are a group of single-point methods which evaluate the
difference between two solutions atgpoints m and n+ 1 denoted by Ay = (Yn+1—Yn)
as the weighted sum of several Agy; (for i =1,2,...), where each Ay; is evaluated
as At multiplied by the derivative funetion f(¢,y), evaluated at some point in the
range t, < t' < itpi1;and the Op(for i.=1,2,...) are the weighting factors. That
is,

A s Z CiAy; (3.25)

=1l

When Ay is a weighted of two Ay’s, The second-order Runge-Kutta method is
obtained

Ynt1 = IntC1AY O Ay,

where Ay; is given.bysthe explicit Euler FDE
Ky A, = At (3.26)
and Ays is based on f(t,y) evaluated somewhere in the interval ¢, <t < t,,1:

Ayy = Atflt, + (aAt), yn + (BAY)] (3.27)
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Substituting Ay; and Ay, into y,1 above and letting At = h results in

Yni1 = Yn + C1(hfn) + Cohftn + (h), yn + (BAY1)] (3.28)

There are infinite number of possibilities depending on the values of Cy, Cj,

«a and . The modified Euler method is obtained if C = %, Cy = %, a =1 and
=1 Assuming C; =0, Cy, =1, a = % and [ = % yields the modified midpoint
method.

If k; = Ay;, then the Second-Order Runge-Kutta=method is given by
1
Yh 1=y, = i(kl + ko) (3.29)

where
kv = I f(tn, Yn) =Nfn
and
ko = hf(tn + h, yn+ k1) =Tof(tn + sy, + 1 f (L, yn))
The Classieal Fourth-Order Runge-Kutta popularly known as the'RK/4 is given
by
e é(kl +2ko +.2k3 - ka) (3.30)

where
kl — hf(tnyyn) == hfn

h 1
ky =h f(tnd 57% + §]€1)

h 1
Fy=hf(t, + 5 Yn = §]€2)

and

k4 = hf(tn + hayn + k?))

Rk4 is consistent with an order of O(At?). The amplification factor G needed
for the stability analysis is given by

G =1-(ah)+ %(ah)Q + %(ozh)g + —(ah)*
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Finally |G| < 1 if (wh) < 2.785 which makes this method conditionally stable.
Therefore the conclusion is that the Classical Fourth-Order Runge-Kutta method

is convergent.

3.3 Data Assimilation

3.3.1 Introduction

Information is always needed asgifar as the challenges to the environment are con-
cerned. Most at times, this information is used to make predictions for the future,
test hypotheses, and attribute cause and effect. This enables us to take action ac-
cording to information provided on the future behaviour of the system of interest,
and in particular future events (prediction), then test our understanding of the
system, and adjust this understanding according to new information (hypothesis
testing) and alsorunderstandithe cause of events, and obtain information on pos-
sible ways of changing, mitigating or adjusting to the course of events (attribute
cause and effect) irrespective of. the origin of the information used.

However, we need to address some important issues.. These are, a means of
gathering information, and methods to build on this information gathered. The
former is catered for by observations (measurements) whiles models (conceptual,
numerical or otherwise) provide help us with the latter. The means of obtaining
this information aetually distinguishes observations-from models, otherwise, the
two are not distinct. In other words. observations have a roughly direct link with
the system of interest via the measurement process whereas models have a roughly
indirect link with the system of interest, being an embodiment of information
received from measurements, experience and theory.

One very important and logical question to ask is; “What combination of the

model and observation information is said to be optimal?”. Mathematics provides
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an answer to this question as well as an estimate of the errors of the “optimum” or
“best” estimate. This method is known as data assimilation. Data assimilation
adds value to the observations by filling in the observational gaps and to the
model by constraining it with observations. Accurate inferences are then made
from the observations. In other words, data assimilation is the technique whereby
observational data are combined with output from a numerical model to produce
an optimal estimate of the evolving state of the system as a result of the need to
improve the output of our models.

Data assimilation has strong linksto several mathematical disciplines, including
control theory and Bayesian statistics. Scientists are aware of the impossibility to
create models that would reproduce to.the perfection the behaviour of nature.

Even though the computers hecome everyday more sofisticated, they still can-
not cope with the complexity of the world, and especially our inability to capture
all the details of the system we want to model. Model users have to deal with those
imperfections and try to-eorrect them as efficiently as possible. In the simplest
cases, a review of the system to be modeled, combined with a thorough calibration
of the model lead to results that are acceptable.

In the most complex cases, real life data is incorporated to correct the model
behaviour. This is what data assimilation is about: combining model predictions
and real world data to make a better estimate of the state of the system we want

to model.

3.3.2 Types of Data Assimilation

There are basically two categories of data assimilation namely Variational Data

Assimilation and Sequential Data Assimilation.
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3.3.3 Sequential Data Assimilation

With sequential assimilation, a priori estimates for the initial states zy are cho-
sen and the model is evolved forward to the time ¢; where the first observations
are available. The predicted states of the system at this time are known as the
background states and are denoted by 9.

The difference between the predicted observation vector given by the back-
ground states and the measured observations vector at this time (Hz%, | — yg41),
known as the innovation vectoryis then used to coreect the background state vec-
tor in order to obtain improved state estimates z7, known as the analysis states.
The model is then evolved forward again frem the analysis states to the next time
where an observation is available and the process is repeated several times.

Some of the Sequential Data Assimilation methods include Kalman Filter, Ex-

tended Kalman Filter, Ensemble Kalman Filter and the Unscented Kalman Filter.

3.3.4 Variational Data Assimilation

The expression variational‘data assimilation designates a class of assimilation algo-
rithms in which the fields to be estimated are explicitly determined as minimizers
of a scalar function, called the objective function, that measures the misfit to the
available data.

The variational assimilation usually seeks an optimal fit of the model solution
to observations over. a period-by adjusting the estimation states in this period
simultaneously. The estimated states over this period are somehow influenced by
all the observations distributed in time. The information is propagated both from
the past into the future and also from the future into the past.

The variational approach has, however, been extensively used in data assimila-

tion for meteorological models and shows promising results for Numerical Weather
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Prediction (NWP). This approach includes Three-dimensional variational data as-
similation (3D-Var) and the four-dimensional variational data assimilation (4D-
Var). The 4D-Var searches for an optimal set of model parameters (e.g., optimal
initial state of the model) which minimizes the discrepancies between the model
forecast and time distributed observational data over the assimilation window.
Contrary to sequential data assimilation, which evolves the model one step at
a time and updates the estimated states each time an observation is available,
the four-dimensional assimilationsschemes use all the observations available over a

given time window to provide improved estimates for.all the states in that window.

3.3.5 Kalman Filter

The Kalman Filter is basically a systematic procedure or a set of mathematical
equations that uses the idea of predictor-corrector estimator where the estimator
is optimal. The estimator that is obtained is said to be optimal because the
filter minimizes the estimated. error eovariance. The Kalman filter is named after
Rudolph E. Kalman who published is famous paper.in 1960 describing a recursive
solution to the discrete-data linear filtering problem (Kalman, 1960).

The filter is very powerful in several aspects. It supports estimations of past,
present, and even future states (recursive), and it ean do so even when the precise

nature of the modeled system is unknewn (Welch and Bishep,-2006).

3.3.6 The Process to be Estimated

The Kalman filter addresses the general problem of trying to estimate the state
x, € R™ of a discrete-time controlled process that is governed by the linear stochas-

tic difference equation at time k

T = Axp_1 + Bug_1 + wi_1, (331)
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with a measurement z € R™ that is

The random variables wy, and vy, cater for the process and measurement noise (re-
spectively) which are assumed to be independent, white, and with normal proba-
bility distributions

plwi) ~ N(0,Qr), (3.33)

The matrix in the difference equation (3.31) relates the state at the previous
time step k — 1 to the state at the current step, in the absence of either a driving
function or process noise. Note that in practice A might change with each time
step, but here we assume it is constant. The n X [ matrix B relates the optional
control input v € R! to the state 2. The m X n matrix H in the measurement
equation (3.32)-relates the state to the measurement z;. In practice H might

change with each time step or. measurement, but here we asstime. it is constant.

3.3.7 The Computational Essence of the Filter

We define £, € R" to be.our a prior: state estimate at step k given knowledge of
the process prior-to step £, and &, € R" to be our a posteriori-state estimate at
step k given measurement z,. Defining @ priori and a posteriori estimate errors
respectively as

5.Cn Lar ol
and

er = T — Tk

The a priori estimate error covariance is then given by
Py = Bleye, '], (3.35)
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and the a posteriori estimate error covariance is
Py, = Elexe}]. (3.36)

In deriving the equations for the Kalman filter, we begin with the goal of finding an
equation that computes an a posteriori state estimate 2, as a linear combination of
an a priore estimate £, and a weighted difference between an actual measurement

2z, and a measurement prediction HZ, as shown below in (3.37).

The difference (2, — Hz, ) in (8.37) is called _the measurement innovation, or the
residual. The residual reflects the discrepancy between the predicted measurement
HZ, and the actual measurement z;.

The n x m matrix K in (3.37) is chosen to be the gain or correcting factor
that minimizes the a posteriori error covariance (3.36). This minimization can be
accomplished by first substituting (3.37) into the above definition for e, substitut-
ing that into (3.36), performing the indicated expectations, taking the derivative
of the trace of the result-with respect to K, setting that result equal to zero, and
then solving for K. (Maybeek, 1979; Brown and Hwang, 1992; Jacobs, 1993). One
form of the resulting K that minimizes (3:36) is given by

e 0 H ' (HP H " B
. P=HT (3.38)
KB Hdini- 1)

From (3.38), as the measurement error covariance-approaches zero, the gain K

weights the residual more heavily. Specifieally,

lim K, = H*
Ri—0

On the other hand, as the a prior: estimate error covariance P, approaches zero,

the gain K weights the residual less heavily. That is,

P =0
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Alternatively, as the measurement error covariance R, approaches zero, the
actual measurement z; is “preferred” more and more, while the predicted mea-
surement HZ, is trusted less and less. On the other hand, as the a priori estimate
error covariance P, approaches zero the actual measurement z;, is trusted less and

less, while the predicted measurement HZ, is trusted more and more.

3.3.8 The Probabilistic Essence of the Filter

The justification for (3.37) is teoted iu the probability of the a priori estimate
x, conditioned on all prior measutelnents z;(Bayes’” rule). For now let it suffice
to point out that the Kalman filter maintains the first two moments of the state
distribution,
El(zp = @p)(2x —20)"] = P

The a posteriori-state-estimate(3.37).reflects the mean (the first moment) of the
state distribution: It is normally distributed if the conditions of (3.33) and (3.34)
are met. The a posteriori estimate error eovariance (3.36) reflects the variance of

the state distribution. In other words,
plaz) ~ N (Elrg], El(ay — ) (@ —21)'])
=y &)
Maybeck (1979), Brown and Hwang (1992} and Jacobs(1993) provide more infor-

mation.

3.3.9 The Discrete Kalman Filter Algorithm

This part of the thesis begins with a broad overview, covering the operation of one
form of the discrete Kalman filter after which the focus is narrowed to the specific

equations and their use in this version of the filter.
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The filter estimates the process state at some time and then obtains information
in the form of (noisy) measurements. As such, the equations for the Kalman filter
fall behaves like a predictor-corrector process which are the time update equations
and measurement update equations. The former are responsible for projecting
forward (in time) the current state and error covariance estimates to obtain the a
priori estimates for the next time step whereas the latter are responsible for the
correction - i.e. for incorporating a new measurement into the a prior: estimate

to obtain an improved a posteriort estimate as shéwn below in figure 3.1.

.

//....r" ~

Time Update Measurement Update
(“Predict™) ( Correct™)

N

Figure 3.1: The ongoing discrete Kalman filter cycle.” The tume update projects
the current state estimate ahead in.time: The aneasurement update adjusts the
projected estimate by an actual measurement in time (source: Welch and Bishop

(2006))

The first task during.the measurement updatesis.to compute the Kalman gain,
K. The next step is-to actually measure the process to-obtain z;,, and then to
generate an a posterior: state estimate by incorporating the measurement. The
last step is to obtain an a posteriori error covariance estimate.

After each time and measurement update pair, the process is repeated with
the previous a posterior: estimates used to project or predict the new a priori

estimates. This recursive nature is one of the very appealing features of the Kalman
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Algorithm 1 Kalman Filter

1. Set initial estimates for 2y and P,

2. For k£ =1 to maximum number of iterations

3. Fori=1ton KN' lS |
Time Update

Project the state forward

X, = AZp_1 + Bug_q
Project the error covar

P = AP, 1 AT + Qy
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filter. It makes practical implementations much more feasible than (for example)
an implementation of a Wiener filter (Brown and Hwang, 1992) which is designed
to operate on all of the data directly for each estimate. The Kalman filter instead
recursively conditions the current estimate on all of the past measurements. Figure

3.2 offers a complete picture of the operation of the filter.

masuwment Update (“Correct”)

(1) Computegihe Kalman gain

Time Update (*“Predict?)

(1) Proje_-cr the state ahead K,r; X Pi.HT( HPJ;\_HT ‘R )—1
i = A +Bu,
(2) Update estimate with measurement zj
(2) Project the error covariance ahead ‘i‘i; = ‘h‘.l + Ki;(:k — Hi;\)
P k= AP j 1AT +0Q (3) Update the error covariance

P, = (I-K.H)P;

—

Initial estimates for i; _; and P _§
Figure 3.2: A complete picture of the'operation of the Kalman filter (source: Welch

and Bishop (2006))

Under conditions where @) and Ry are in fact constant, both the estimation
error covariance P and K7, the Kalman gain will stabilize quickly and then remain
constant. If thistis the case, these parameters can be pre-computed by either
running the filter off-line, or.for example by determining.the steady-state value of
P, as described in Grewal-and Andrews.(1993):

The Kalman filter is the most well ' known sequential data assimilation scheme.
It has been developed in the sixties by R. E. Kalman to try to solve the Wiener
problem in a generally easier way. The filter has the advantage to be sequential.
It needs only the system variables of the previous time step and the forcing terms

and observations of the current time step.
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The Kalman filter however has limitations, one of such is the fact that it is
unable to predict or estimate the state vector of nonlinear model accurately. That
is the Kalman filter breaks down. Fortunately, there are improved forms of the
Kalman filter used for nonlinear state equations.

The most famous of such methods is the Fxtended Kalman Filter. This method
extends the kalman filtering through a procedure of linearization by making use
of the taylor series expansion of the the nonlinear model. Once a linear model is

obtained the kalman filter equationsfare ghen applied to obtain the estimate.

3.3.10 The Extended Kalman Filter

This method extends the kalman filtering through a procedure of linearization by
making use of the taylor series expansion of the the nonlinear model. Once a
linear model is obtained the kalman filter equations are then applied to obtain the
estimate.

Assuming the proeess has a state vector x € R™, but the processis now governed

by the nonlinear stochastic difference equation
E— (1. (3.39)
with a measurement 2z € R™ whose equation is given by
2 = h{xg, ) (3.40)

The random variable wy, and v again represent the process and measurement noises
respectively which are still white Gaussian. Their covariances are respectively Q
and Ry,.

The function f is used to compute the a priori state from the previous estimate
and similarly the function h is also used to compute the predicted measurement

from the predicted state. The two functions cannot be applied to the covariance
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directly. Instead a matrix of partial derivatives (the Jacobian) is computed due to
the linearization using taylor series.

Defining the state transition and observation matrices by the following jaco-

bians:

of
F ==

1T o .

k—1

oh
H, = —

T or o

. The extended kalman filter hag'its|[time update equations given by

f']: = f(i'k:—lauk:—l) (341)

Pl: — Fk—lpk—ng_l i Qk,1 (342)

and that of the measurement update are

K =P H ) HeP, HES R (3.43)
By = (I — KyxHy) P, (3.45)

The entire EKFE process is'described below in algorithm 2;

Again the Extended Kalman filter has a couple of short-falls.” One of such is
the fact that it is motralways possible to calculate-the jacobian and also it does
not produce accurate results if the nonlinear funetion is not well approximated by
a linear model or functions. That is, this model works well when the nonlinear
model is close to a linear model. Another improved form of the Kalman filter used

for the estimation of nonlinear model is the Unscented Kalman Filter.
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Algorithm 2 Extended Kalman Filter

1. Set initial estimates for o and
2. For k =1 to maximum number of iterations
3. Fori=1ton
Time Update

Project the state forK N l ' S |
T, =

J(@ro1, ur—1)
Linearize the process equation by computing the jacobian

Fr =

e
ox mg_l

Project the error covar

Pk_ - Fk—lpk—lF]?_l

P, = (I — KyHy)P,
5. End of loop for k&
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3.3.11 The Unscented Kalman Filter

The Unscented Kalman Filter was first introduced by Julier et al. (1995); Julier
and Uhlmann (1996, 1997) and further improved by Wan et al. (2000); Wan and
van der Merwe (2000). This filter is obtained from the basic idea of the Unscented

Transform

3.3.12 Unscented Transformation

The Unscented transformation is'a methed used for calculating the statistics (mean
and covariance) of a random variable which undergoes a nonlinear transformation.
It is based on the fact that it is easier to approximate a Gaussian distribution
than it is to approximate a nonlinear function. The idea of this transform is to
obtain a set of points known as Sigma points so that the sample mean and sample
covariance are r and P, respectively. The nonlinear function is applied to these
set of points to produce a set of transformed sigma points whose statistics are g
and P,.

The n-dimensional random variable with statistics, z and P, representing the

mean and covariance respectively is approximated by 2L + 1 points given by

where A € R, A = o?(L+ k)~ L isascaling parameter. The constant o determines
the spread of the sigma points around Z“andis usually set to a small positive value
(e.g., 1e-3). The constant k is a secondary scaling parameter which is usually set
to 0 or 3 — L and f is used to incorporate prior knowledge of the distribution
of x (for Gaussian distributions, 5 = 2 is optional). (1/(L + \) + P,); is the ith

row or column of the matrix square root of (L + \) + P,. A numerically efficient
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and stable method such as the Cholesky decomposition method should be used to
calculate the matrix square root. The nonlinear function is applied to these set of

points obtained above to yield the transformed sigma points given by

whose mean and covariance are respectively
2L 2L

g=1y WY augrip=» yWi§ (oY - 5)"
i=0 =0

where the weights W, are given as

W™ = ML+ N)
We? = MN(DEN) + (L= a®%p)
W™ = WA= 1H2EN} i =0,...,2L

)

See algorithm:3-belowfor_the entire UKF process.

3.4 Numerical Example of Data Assimilation Meth-
ods in State Estimation

The purpose of this section is to reconstruct the trajectories and dynamics of the
scaler state-space problem. described below using UKF and compare its perfor-
mance with that of the EKE.

State Equation

1 25751

T = §.Ik_1 + m + 8COS(1.2</{3 — 1)) + Wg (346)
Measurement Equation
1
Yp = Q—Oxi + v (3.47)
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Algorithm 3 Unscented Kalman Filter

1. Set initial estimates for g and Py
2. For k =1 to maximum number of iterations
3. Forj=1ton
Time Update

Compute sigma points

Xk—-1 = [%—1 Gp1+(L+N)+ Py Gp1—/(L+XN) + Py
Compute transformed sigma points
X = Flxk—1, up—1]
Project the state forward and error covariance forward
P =2 Wi(m)xf,k and P, = Y080 Wi(c){X%k,k; =2 HX ke — i;k}T
4. End of loop for j

Measurement Update

Compute sigma points
Xk— 1_[‘% T, + AL X+ B —+/(L+)N) +P}
Compute transformed sigma points
Zy—1 = H[Xr%]
Compute the mean and covariance of Zj 1

= Wl(m 2 20 Padeny 8 Wi(C){Zi,kal — 2 HZig1 = 27T
Compute the cross covariance of x; and Z_4
Po- X WA + -malS A ad
Compute the Kalman gain
K=P,., P:;kzk
Update state estimate with' measurement y,
T =y, + Ki(zr — %)
Update the error covariance
P, =P, — KyP,, ., K}

5. End of loop for &
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where wy, and v, are both Gaussian white noise sequences. A synthetic truth data
is generated by adding white Gaussian noise to the initial mean and covariance
using the process model. This truth data is also perturbed with white Gaussian
noise and the help of the measurement model to obtain the observations (also
synthetic). The simulation length used is one hundred (100) time period. The
Kalman filter cannot accurately estimate the above system due to the high degree
of nonlinearity in the process as well as the measurement equations.

A couple of experiments are performed to estimate thestate of the system above
using EKF and UKF and most impottantly eompare their performances. The first
experiment performed is to estimate the state using EKF and UKF with the initial
values described below. The process and measurement noises and the initial error
covariance are also varied to investigate their effects on the performance of the two
filters in subsequent experiments.

The first experiment was carried out with an initial state estimate and covari-
ance of xy = 0.1 and Pj=.1 respectively and also the variances of both the state
and the measurement, noises were one. ' A plot of the noisy observations and the
true state is given in figure 3:3. Figure 3.4 shows the plot of the EKF and UKF for
this experiment. This plot also contains the noisy observations and the true state.
It can be seen clearly that the UKFE estimates the state better than the EKF. The
performance can.also be compared by using the mean and variance of the root
mean square error (RMSE) of the two filtersin table.3.1..This table indicates that
the RMSE of UKF is'smaller than that of EKF."A better performance of the UKF
can also be seen in the plot of-the RMSE of the two filters in figure 3.5.

The second experiment is to establish the effect of the process noise on the
two filters. The variance of the process noise is varied for the estimation of the
state using the two filters whiles keeping other parameters constant. The result

of this experiment is shown in table 3.2. The experiment showed that the RMSE
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True State vs Noisy observations

20 T T T T T T T T T
States (x)
L +  Observations(y)
15 L . . . "
+ " + I
+
or +H+ + l
" + +
+ “ ++
Sr + + 7
Ifi e + + i
5 o+ o M
= i+ # + oA A e
S Orf + + 4 F + +
s 4
ok J
sk 4
_2D 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 50 70 g0 50 100

Time

Figure 3.3: Time series of the noisy observations and the true state for the first

experiment
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Figure 3.4: EKF and UKF estimates for the first experiment
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Table 3.1:

Algorithm

RMSE

Mean

Variance

Extended Kalman Filter (EKF)

2.9269

19.6201

Unscented Kalman Filter (UKF)

0.9021

0.6872

30

oy

20F

RMSE,of EKF, and,UKF

— EKF
- UKF

1

20 30

40 a0

Time

50 70

a0 a0 100

Figure 3.5: RMSE of EKF and UKF for the fizst experiment

Mean and Variance of RMSE for state estimate of the two filters

Table 3.2: Compare effect of different process noise variance €) on the performance

of the various filters holding other parameters fixed

Q=102 Q=101 Q = 10! Q=102
Filters | Mean | Var | Mean | Var | Mean | Var Mean Var
EKF 0.6987 | 3.9352 | 0.9949 | 2.3690 | 6.1988 | 51.5068 | 9.5933 | 142.2488
UKF 0.2039 | 0.2127 | 0.5332 | 0.4119 | 1.5985 | 0.9806 | 3.0093 | 2.3602
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increased with increase in the variance of the process noise but of course, the UKF
performed better than the EKF.

The next experiment is to establish the effect of the measurement noise on the
two filters. That is, the variance of the measurement noise R is varied whiles keep-
ing the other parameters constant. The result of this experiment is summarized
in table 3.3. It was observed that the performance of the filters was not affected
much by the variance of the measurement covariance since the mean of the RMSE
of EKF was between 2 and 4 and‘that, off UKF was between 1 and 2 even though
it increased steadily with increase,in thelmeasurement variance. This result also
showed that the UKF performed better than the EKF. The final experiment is to
find the effect of the initial estimation eovariance P, on the two filters. The result
of the experiment shown in table 3.4 revealed that the filters slightly deteriorated
with increase in the initial estimation covariance. A further test summarized in
table 3.5 also showed that the performance of the two filters was not much affected
by the value of the initial-estimation covariance. The performance of the two fil-
ters increased slowly. for-higher values of F,. The UKF breaks down for values of

Py > 10190,

Table 3.3: Compare effeet of different observation noise R on the performance of

the various filters helding other parameters fixed

R=10"2 R=10" R =10! R =107

Filters | Mean Var Mean Var Mean | Var | Mean | Var

EKF 3.2160 | 14.3793 | 3.5132 | 32.4918 | 2.3519 | 8.4098 | 2.5222 | 6.1755

UKF 1.0385 | 1.7343 | 1.2049 | 1.0691 | 1.2367 | 0.5034 | 1.6283 | 0.8508
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Table 3.4: Compare effect of different initial error covariance P, on the performance

of the various filters holding other parameters fixed

P,=10"2 Py=10""1 Py = 101 Py =107
Filters | Mean Var Mean Y, [Var Mean | Var | Mean Var
EKF 2.5802 | 14.6112 | 2.7513 | 14.9827 | 29719 | 44.974 | 3.2867 | 23.7786
UKF 0.97259 | 0.65879 | 1.0393 | 1.10832 | 0.87909 | 0.5737 | 1.27415 | 0.59991

Table 3.5: Compare effect of different initial error covariance F, further on the

performance of the various filters holding ether parameters fixed

PAT0 Py=10"9 JREE ) Py = 1069
Filters | Mean Var Mean Var Mean{ Var Mean | Var
EKF 2.2052 | 9.2556 26689 | 97787 +1"3.2928 | 25.3028 | 3.3867 | 23.7786
UKF 0.76574 | 0.38944 | 0.79011 | 0.52138 | 1.6292 | 1.1591 | NaN NaN
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The trajectories and dynamics of the state-space problem above have been
reconstructed using the UKF. Further experiments performed revealed that the

UKF estimated the state better than the EKF for the above nonlinear problem.
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Chapter 4

Results and Discussion

4.1 Introduction

Two systems are discussed in this chapter, a linear system and a non-linear system.
The first is a planar four-story shear building with time varying system parameters
and the secondiis a single degree-of-freedom (SDOF) system: Data contaminated
with noise is generated for these dynamical systems.- With these simulated data,
identification models are derived for these dynamical system which are then used
for the state and parameter estimation using the Unscented Kalman filter. Finally,
the performance of the UKF is compared with that of the EKF and inferences are

made on the results obtained from the two. filtering techniques:

4.2 Planer Four-Story -Shear, Building

4.2.1 Data

An idealized planer four degrees of freedom (four-story) shear building is con-

sidered. The four floors of this building have equal masses of 250,000kg. That
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is m; = mg = mg = my (where the subscript denote the floor number). The
time-variant inter-story viscous damping coefficients are ¢y, ¢o, ¢3 and ¢4 while the
inter-story stiffness are ki, ko, k3 and k4 and they also change as far as time is
concerned. It is very important to mention here that the time evolutions of the
inter-story viscous damping coefficients and the inter-story stiffness with the ex-
ception of ky are brownian motions with coefficient of variation equal to 2% which

is clearly seen in figure 4.1.
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Figure 4.1: Time series of the inter-story stiffness and viscous damping coefficients

The state or process for this system subject to base excitation is given by
ML‘L.’t + Ct.jft + KtZCt = Fut (41)
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where

Tat —Mmy my O 0 0
T —-m 0 m 0 0
. 3t P 3 A — 3
Loyt —My 0 0 my O
L1t —mq 0 0 0 mi
Cat —C4t 0 0
—Cay Cay+ c —C3y4 0
C, = 4t Cap 3t 3.t (4.2)
0 +C3¢ G311+ Cay —Cay
0 0 —Coxf €3 +'C1
k47t _k4,t 0 0
K, — —kay Kay+ ksg —Fk3y 0
0 —ks kst 4 Koy —Fkoy
0 0 —Fkoy kot 4 ki

z;; is the~(i41)-th floor relative to.the ground where the fifth floor is the
taken as the roof. wuy is the acceleration at the first floor of the building. with
¢ representing the 1-th floor, ¢;; and £;; are respectively the inter-story damping
coefficient and the inter-story stifiness.

Data is generated using white gaussian noise for the excitation u,. The observed
output or observation y; is the absolute accelaration time at the four stories given
by:

-fi‘u + ut-

450 e TR

Yt + [y

T3y g

(4.3)

Tap + Uy

= —M_l[Ctift + Ktl't] ‘I— F.Vt
where 1, € R* ~ N(0,I) are the measurement uncertainties for y; which are

stationary. T' = diag(y1,...74) is such that the overall signal/noise root mean
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square amplitude ratios for each channel is roughly equal to ten (10). With the
observation y; : t = 1,...,t and excitation u; : t = 1,...,4 of the system which are
both sampled at an interval of 0.02s (see figure 4.2), the ultimate is to estimate
the system states ( i.e. displacements x; and velocities &) and also the system
parameters (i.e inter-story damping coefficients ¢;; and inter-story stiffness £;;) in

real time with the help of an identification model.

1D T T T T T T T T T
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0 'r' 'f"‘ﬂl'
_1D | | | | | | 1 | 1
2 4 3 g 10 12 14 16 18 20
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Figure 4.2: Time series-of the simulated ebservation and excitation data

Equation (4.1) is initially transformed into a system of first-order differential

equations. Let
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and finally

Equation (4.1) is then written as:

u')l = W2
(4.4)
iy = —M ' Cowy — M Ky + M~ Fu,
Changing the w’s back to z; results in
d |z T 0
T = : + " (4.5)
dt |, —M\Cyiy — M Ky, | | MTUF
or better still:
d |z 0 . 2 0
~ | = 4t Uy (4.6)
dt |, ~MAK, MG & | M'F

An identification model-helps us to include the system parameters to our exist-
ing model described. earlier. Using a brownian motion prior PDF for the parameter

evolution, that is governed by the following equation;

the identification model that is used for this system is given by:

Ty 0 == 0 Ly 0 0
d
P | = | -M YKy AMZC, 0 | | FTMZF] wt | 0] we
4.8
0, 0 0 O} 10 0 G (48)

Y = —Mith‘Tt — Mﬁlctl"t + Vi

where w; ~ N(0,I), G € R®® is a diagonal matrix whose diagonals must be
specified and 0; € R® is made up of the system’s parameters (i.e. four inter-story

damping coefficients and four inter-story stiffness).
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The dimension of the augmented state of the model in (4.8) is sixteen (16)
since it includes four displacements x;, four velocities @, four damping coefficients

¢¢ and four stiffness k; and the dimension for the observed output y; is four (4).

4.2.2 Results

The linear system described above was estimated using EKF and UKF and the
results shown in figures 4.3 - 4.8. The system’s states (i.e. displacements z; and
velocities ;) were very well estinatedyusing the twg filters in figures 4.3 and 4.4
respectively. The two filters again successfully tracked the system parameters.
The inter-story stiffness ke ;) was well estimated along with the other inter-story
stiffness by both EKF and UKF even though it was not brownian (see figure 4.5).
The estimates of the damping coefficients ¢; in figure 4.6 is worse compared to the

accuracy of the inter-story stiffness.

Filter estimates vs. True statess [« Truth
5 T T T T T T T T T EKF
- —— UKF
s D g
_5 1 1 1 1 1 L I 1 1
0 2 4 B 8 10 12 14 16 18 20

X5
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Xyt
_

X4t
_

|
0 2 4 3 g 10 12 14 16 18 20
Time (sec)

Figure 4.3: Estimation of displacements z;
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Filter estimates vs. True states | Truth
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Figure 4.4. Estimation of velocities 7,

The performance of the-two filters'was also ecompared using the RMSE for the
states and parameters-of the system. Figure 4.7 showed that.the RMSE for the
system states are close, indicating the same level of accuracy for the two filters.
This observation is however not the same with the system parameters where UKF
recorded lower rmse values than EKF for some parameters and vice versa (see
figure 4.8).

The state as well as parameters of the planer four-story shear building were
successfully estimated-using the Unscented Kalman filter and its performance was
compared with the Extended Kalman filter. The results obtained indicated an

approximately equal performance for the two filters.
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Filter estimates, vs. True states @ Truth
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Figure 4.5: Estimation of inter-story stiffness ky
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Filter estimates vs. True states @ Truth
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Figure 4.6: Estimation of damping coefficients ¢,

4.3 Nonlinear SDOF. System

4.3.1 Data

The system used to generate the synthetic data for the SDOF is given by;

Tt 'j;t

d

— NPy —dfmre+1/m - uy

dt : ' - v (4.9)
T4 Ovi T Oo - | Do |72 "0ty 03 |1y |

Yy = —1/merp+ 1/muag + v,

where m is the mass of the SDOF system, r; is the restoring force, u; is a white-
noise excitation force on the mass. y; is the acceleration measured on the mass,
v is stationary such that the overall signal/noise amplitude ratio is ten (10).

The time-varying system parameters are 60y, 02, 05, and 6,,. These parameters

o7



RMSE of EKF and UKF EKF
0.02 0.1 UKF
W 0.01 _8 0.05
=
1] ]
] 4 g 12 16 20 ] 4 g 12 16 20
0.0z 0.1
. A
>-<N 0.m _g 0.05
=
1] 1}
0 4 g 12 16 20 0 4 g 12 16 20
0.0z 0.1
. 5
xm 0m '8 0.08
=
a 0
1] 4 g 16 18 20 1] 4 g 12 16 20
0.0z 0.1
- =
L -
xﬂ' 0.01 1 '8 0.05
=
a 0
1] 4 g 12 16 20 a 4 g 12 16 20
Time (sec)

Figure 4.7: RMSE of EKF.and UKF for z; and ;

are brownian motions with drift coefficient of variance equal to 2% during each
sampling interval and they actually-fine tune the shape of the hysteric loop. The
observation (or acceleration) y; and excitation u; are sampled at an interval of 0.5s

as shown in figure 4.9.
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The identification model used for this system is given by

_xt - _ N -
T —1/m-re+1/m-wu
Ty Or¢- ¢ — Ooy - | 4| [ P2t Ly + 05 - g |ry| P
d O] 0
dt |g,,| 0
0 4 0
O K N u ST (4.10)
K3 _

Q o o o

h!l =1
-—n

where w; € R ~ N(0 q;L- 5 Al A ). G'is a 5 x 5 diagonal
e
matrix given by y ‘-;"-

) g
\ \.-Ghl.ﬂ-lm'-"'
S

and w; is given by

T
Wy = [wl,ta Wa t, W3¢, W4 t, w5,t]

The initial PDF of the states xq and % is taken to be zero-mean Gaussian with

large variances and that of the parameters 6, o, 020, 030 and 04 are also taken

60



to be Gaussian. As mentioned earlier, each parameter is allowed to drift with a
coefficient of variation equal to 2% except for the uncertain parameter h;, whose

actual propagation is a constant instead of a brownian motion.

4.3.2 Results

Figures 4.10 - 4.12 show the results of the estimation of the state and the param-
eters of the above system using EKF and UKF. The estimations of the system
states (i.e. displacement x;, velaCity @pand restoring forge r;) are shown in figure
4.10. The performances of EKF and UKF with regards to the estimation of the
system’s states are at par since their estimations are almost the same. This how-
ever is not the same with the system parameters. The plot of the estimation of
the system parameters 04, 05, 05, and 044 in figure 4.11 revealed that the UKF
performed better than the EKE. UKF again performed better than the EKF in
estimating the-uncertain parameter h; which is.shown in figure 4.12.

The performances-of the two filters are again compared using the root mean
squared error (RMSE).The plets of the RMSE of the two filters are shown in figure
4.13. The plots of the RMSE of EKF and UKF are similar for the system’s states
and 60, (i.e. the first four plots). UKF however had lower RMSE for the rest of
the parameters. Finally, the mean of the RMSFE of the states and parameters for
two filters were calculated and shown-in table 4.1. This tableiindicates a better
performance of UKF for the states and parameters.except for the displacement
(x;) whose value was higher'than-that of the EKF.

The nonlinear SDOF system deseribed-above was successfully estimated using
the Unscented Kalman filter and its performance was compared with the Extended

Kalman filter. The results revealed that the UKF performed better than the EKF.
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Figure 4.10: Estimation of the states of the SDOF system
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Figure 4.11: Estimation of the parameters of the SDOF system
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Filter estimates vs. True state
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Figure 4.12: Estimation of the uncertain parameter h;
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Table 4.1: Mean of the RMSE of the states and parameters

State / Parameter Algorithm Mean RMSE

~ KRUSTE

Ty EKF 0.0039881
0.0035723
0.0080489
0.0075815
0.0194950
0.0153

() .fﬂi v WaYa ¥
WUV LU

Tt

oy
.ﬁ_-ﬁm‘ 8823
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Chapter 5

Conclusion and ‘Recommendation

5.1 Conclusion

The trajectories and dynamics of a nonlinear state-space problem were successfully
reconstructed using the UKF in section 3.4 of chapter 3. Varying the initial error
covariance, proeess noise as well-as-measurement noise were-further experiments
performed to compare the performance of the UKF and EKF. The outcomes of
these experiments revealed that the UKF estimated the state better than the EKF.

The next test performed was the feasibility of the Unscented Kalman filter
in simultaneously estimating state and parameters. The Unscented Kalman filter
successfully estimated the linear and the nonlinear systems considered in chapter 4.
Results from the estimation of the states and parameters of the linear planer four-
story shear building indiecated that the performanece of the UKF was approximately
equal to that of the EKF whereasthe UKE performed better than the EKF in the
state and parameter estimation of the nonlinear SDOF' system.

Results obtained from the estimation of the two nonlinear systems in this re-
search indicated that the Unscented Kalman filter is able to estimate the state

and parameters of nonlinear systems and actually produces better results than the
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famous Extended Kalman filter.

5.2 Recommendation

The Unscented Kalman filter is recommended as a more accurate and better
method as compared to the Extended Kalman filter for nonlinear systems. It
is also recommended that the process noise, measurement noise and the initial er-
ror covariance should be minimal shén using thésefiltérsas they sometimes affect
their performances. Finally, it is"'secommended that ether factors that may affect
the performance of the UKF and not considered in this thesis be investigated in
further research. An example is to investigate the effect of varying observation

frequency on the performance of the UKFE.
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